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Abst rac t - -Th is  paper presents a 3D mesh-aligning algorithm for convection-dominated convec- 
tion-diffusion problems. The main difference between this algorithm and the 2D edge-swapping 
algorithms is that instead of swapping faces it splits the adjacent tetrahedra to obtain a more flow- 
aligned mesh, and thereby, increase solution accuracy without increasing the number of meshpoints. 
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1. INTRODUCTION 
To illustrate the motivation for flow alignment, consider the "skew-step" convection-diffusion 
problem approximated by a Finite-Element Method (FEM): 
L~u := -eAu  + al (x,y,z)ux + a2(x,y,z)uy + a3(x,y,Z)Uz = f, in O, 
u = g, on 0f~, 
(1.1) 
where O is a polyhedral domain. 
Due to the fact that convection is a one-dimensional phenomenon, aligning the mesh with the 
flow a(x, y, z) = (al(x, y, z), a2(x, y, z), a3(x, y, z)) sharpens the interior layers, boundary layers, 
and transition regions, providing us with a more accurate approximate solution, see [1, p. 271, 
Figure 8.3.3(c), p. 274, Figure 8.3.3(d); 2]. The advantages of flow-alignment are also obvious 
when local error estimates for upwind, streamline diffusion and most of the other FEM (except 
for the discontinuous Galerkin method) are carefully examined in smooth regions, see [3,4]. Mesh 
alignment in 2D is completely solvable via edge-swapping [2]. Unfortunately such algorithms do 
not extend to 3D. This report presents a '%etrahedron-splitting" algorithm, see [1,5-8], with a 
new criterion for the mesh modification. Thus flow-alignment is also possible in 3D with the 
algorithm herein. 
I am very grateful to W. J. Layton, whose observations and insights have benefited this work. I would also like 
to thank M. L. Brodzik for kindly drawing my attention to the related work in [7]. 
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2. THE ALGORITHM 
The algorithm considered in this report starts with a given mesh over f/, considers all the pairs 
of adjacent etrahedra ABCD and ABCE, and splits the resulting polyhedron ABCDE into three 
new tetrahedra (see Figure 1) if the following two conditions hold. 
Cond i t ion  1: The polyhedron ABCDE is convex. 
Cond i t ion  2: (angle aADE) + angle (a, BDE) + angle (a, CDE)) < 3* angle (a, 
ABC)), where the convection field a is calcu[~ated at the polyhedronTs 
centroid. 
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Figure 1. (a) adjacent tetrahedra ABCD and ABCE in the initial mesh; (b) after 
applying the Algorithm A1 the polyhedron ABCDE is split into three new tetrahedra 
ABDE, ACDE, and BCDE. 
The algorithm terminates when no splittings are made in one pass through the mesh. Letting 
splittings be the number of splittings in one pass through the mesh, the algorithm has the following 
pseudocode. 
ALGORITHM A1. 
splittings -- 0 
do 
splittings = 0 
for (all tetrahedra) 
for (all neighbors ABCE) 
if ((Condition 1) and (Condition 2)) 
then  split the polyhedron ABCDE into three tetrahedra 
splittings = splittings +1 
end i f  
end  for 
endfor  
whi le (splittings # 0) 
The question of convergence of the algorithm is answered in the following proposition. 
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(a) The initial mesh. 
flow% 
(b) The mesh after applying the splitting-tetrahedron Algorithm A1. 
Figure 2. 
PROPOSITION 2.1. Algorithm A1 terminates after a finite number of steps. 
PROOF. First, note that having a finite number of nodes (the algorithm does not add new nodes), 
it is obvious that we have a finite number of possible configurations. 
Second, it is clear that the total number of tetrahedra increases each time we modify the mesh. 
The above two observations demonstrate he proposition. | 
REMARK 1. Note that Condition 2 of the Algorithm A1 assures the decrease of the average angle 
made by the convection flow a with the faces in the mesh, provided that a is constant. Figure 2 
shows the mesh before and after applying the Algorithm A1. In the numerical test, I considered 
a distorted rectangular prism ~t divided into 162 tetrahedra, and the constant convection flow 
a = (1.0, 1.0, 1.0). After 62 splittings, the average angle made by a with the faces in the mesh 
decreased from 18.8446 degrees to 13.8713 degrees. ~ 
REMARK 2. The concept of "flow-alignment" does not necessarily imply Condition 2 of the Algo- 
rithm A1; as a matter of fact, Algorithm A1 can be trivially modified to align with the convection 
flow a the edges of the mesh instead of the faces of the mesh. Proposition 2.1 obviously proves 
the convergence of the modified algorithm, too. Also note that Condition 1 of the Algorithm A1 
prevents us from splitting degenerate tetrahedra in a uniform mesh; however, in this case one 
can combine three adjacent etrahedra to get a more flow-aligned mesh (in other words, go from 
Figure 2b to Figure 2a). Such improvements o the Algorithm A1 and practical tests of face 
versus edge alignment are still open. 
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